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Abstract. The Hamiltonian and path integral formulations of the Dirac—-Born—Infeld-Nambu—Goto D1-
brane action with and without a scalar dilation field are investigated under appropriate gauge-fixing.

1 Introduction

The Dirac-Born-Infeld-Nambu-Goto (DBING) action is
one of the most important actions in string theories [1-3].
In the present work we study the Hamiltonian and path
integral formulations [3,4] of this action describing the
D1-brane with and without a scalar dilation field ¢ under
appropriate gauge-fixing conditions (GFCs).

In the next section, the action is considered without
the dilation field and in Sect. 3, the action is studied in
the presence of a scalar dilation field ¢. The Hamiltonian
and path integral quantizations are studied in both the
cases under appropriate canonical gauge-fixing in the ab-
sence of boundary conditions (BCs). Finally a summary
and discussion are presented in Sect. 4.

2 The action without a dilation field

We consider the (bosonic) DBING action describing the
propagation of a D1-brane (D-string) in a d-dimensional
flat background (with d = 10 for the fermionic and d = 26
for the bosonic D1-brane) defined by [1,2]

Sl—/£1d2

Ly = (=T)[—det(Gag + Fap)]® (1b)
= (=T)[~ det(Gap + Fup — Bag)]® (1c)
= (=T)[— det(0nX"0X "Ny + Fap — Bag)]> (1d)
= (-T) (Le)

X [~ det(9n X 05X, + (0uAs — I3Aa) — Bag))?
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= (-D)[(X - X)? = (X)(X)? = (A1 — 4)?
= 2b(Ay — Af) — b2 (1f)
H-TNX - X2 = (XXX = (f-b)22 (1g)
= [-TL) (1h)
Gap = 0o X" 08 X" N;  o,8=0,1, (1i)
N = diag(—1,+1,...+1);
v = Oa1>27"'7(d*1)a (L])
L2 = [(X - X)? = (X)X(X")? = (f - b)), (1k)

-7:@6 = (Faﬁ - Baﬂ)%

= &XX#aBXUBW,; Bag = ( 0 b) 5

Fop = (0aAp — 034a),

-b0
f = Fo=—Fi= (A, — Ap);

b = Bo1 = —Bo, (In)
. oOXH / oXH
b S
or’ 0o’
. 0Ap , 0Ag
A= A= (10)

In the present work we consider only the bosonic D1-brane
with d = 26 (however, for the corresponding
fermionic case one has d = 10). Here 0® = (1,0) are
the two parameters describing the world-sheet (WS). The
overdots and primes denote, in general, the derivatives
with respect to the WS coordinates 7 and o. The string
tension 7' is a constant of mass dimension two. Gog is the
induced metric on the WS, and X#(7,0) are the maps
of the WS into the d-dimensional Minkowski space and
describe the string’s evolution in space-time [1,2]. Here
F,p is the Maxwell field strength of the U(1) gauge field
Ay (7,0), and Bag(T,0) is a constant background anti-
symmetric NSNS 2-form gauge field. It is important to
mention here that the 2-form gauge field B,z is a scalar
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field in the target space, whereas it is an antisymmetric
tensor field in the WS-space. Also, we are considering the
2-form gauge field B,g as well as the U(1) gauge fields
A, to be functions only of the WS coordinates 7 and o
and not of the target-space coordinates X* [1,2]. Further
the theory described by the action S is a gauge-invariant
(GI) (and consequently a gauge non-anomalous) theory
possessing the usual three local gauge symmetries given
by the two-dimensional WS reparametrization invariance
(WSRI) and the Weyl invariance (WI) [1,2].
The canonical momenta obtained from £; are

Lo
= 5.%,
= [-T/L][(X - X") X" = (X")?X*], (2a)
B (2b)
= 204y
B(= ) = g = (/1 =, (20)
I, = a?ailb) =0, (2d)
0r = 0/0r; 0, =0/0,, (2e)

where IT*, 7% E(= #') and II, are the canonical mo-
menta conjugate respectively to X,,, Ay, A; and b(= By =
—Big). The theory described by 5] is thus seen to possess
four primary constraints:

1/’1 =1, = 0, (33“)
Py =70 &0, (3b)
s = (IT-X') =0, (3¢)
Yy = [ITI* + (E* + T?)(X')?] = 0. (3d)

Here the symbol ~ denotes a weak equality (WE) in the
sense of Dirac [4], and it implies that the above constraints
hold as strong equalities only on the reduced hypersurface
of the constraints and not in the rest of the phase space
of the classical theory (and similarly one can consider it
as a weak operator equality (WOE) for the corresponding
quantum theory) [4]. The canonical Hamiltonian density
corresponding tot £; is

HS = [IT"(9-X,,) + 7°(0; Ao)

+ E(aTAl) + Hb(afb) - L4
= [EA{ + Eb.

(4a)
(4b)

After incorporating the primary constraints of the theory
in the canonical Hamiltonian density H{ with the help of
Lagrange multiplier fields u;(7,0), us(7,0), us(1,0) and
u4(7,0), which we treat as dynamical, the total Hamilto-
nian density of the theory could be written

HT = [HS + wivpr + usths + uzths + uathy (5a)
= |EA} + Eb + up ITy, + upm® + ug(IT - X')
+ w7 + (B2 + T3)(X')]). (5b)
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We denote the momenta conjugate to ui, us, ug and uy by
Duy s Pusy» Pus a0 py,, respectively. The Hamilton equations
of motion obtained from the total Hamiltonian

HT = / HTdo, (6)
e.g., for the closed strings with the periodic BCs, are
+0, XM = g‘;{]’l}lj = [uz X™ + 2IT"u4), (7a)
HT
—O. 11" = gxl
= — 0y [usIT" + 2X"™(E? + T?)ug), (7b)
+0; Ay = a@ZéT = ug, (7c)
—0,7° = aaig =-F, (7d)
+0, A = 6;{; = [A} + b+ 2B(X')%u4], (7e)
—0.E = %f 0, (7f)
+0,b = %}1171: = uq, (7g)
0, 1T, = ag){f = (7h)
+0ru1 = gﬁf =0, (71)
o, = L, (1)
+0,up = gﬁz =0, (7k)
~orpus = L, ()
OHT
+0,u3 = E)pu13 =0, (7m)
oy = P~ (11 ), ()
O = gﬁ ~0, (70)
o, = ) )

These are the equations of motion of the theory that pre-
serve the constraints of the theory in the course of time.
Demanding that the primary constraint 1; be preserved

in the course of time one obtains a secondary constraint
(with the Poisson bracket (PB) being denoted by { , }p):

s = {¢1, H] }p = [-E] ~ 0. (8)

The preservation of 1, for all times gives rise to another
secondary constraint:

P = {02, H }p = (E') ~ 0.

¢

(9)
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The preservation of 15 and g for all times does not give
rise to any further constraints and similarly the preser-
vation of 13 and 14 for all times also does not yield any
further constraints. _

Further, the constraint 5 also implies the constraint
@[NJG and therefore it is enough to consider only one con-
straint, namely

Y5 = E =0, (10)

in the rest of our work (instead of the two constraints
s and 1g). In view of this, from now onwards, we will
consider only one secondary constraint, namely 15 (and
not 5 and 1), in our work. The theory is thus seen to
possess only five constraints: 11, 12, ¥3, ¥4 and 5. Also
the first-order Lagrangian density of the theory is

L0 = |19, X,,) + (0, Ao) + B(9, Ar) + IT,,(9,b)
+ Puy (Orur) + pu, (Oruz)
+ Pus (Orts) + puy (1) — HY |

= [IT* + (E? — T%)(X")?|uy.

(11a)
(11b)

The matrix of the Poisson brackets of the constraints ; is
seen to be a singular matrix implying that the set of con-
straints ¢; is first-class [3-5] and that the theory described
by Si is a gauge-invariant (GI) theory. It is rather well
known that the theory described by S; indeed possesses
three local gauge symmetries given by the two-dimensional
WS reparameterization invariance (WSRI) and the Weyl
invariance (WI) [1,2].

To study the Hamiltonian and path integral formula-
tions of this GI theory under GFCs, we convert the set of
first-class constraints of the theory ; into a set of second-
class constraints, by imposing, arbitrarily, some additional
constraints on the system, called the GFCs or the gauge
constraints. For this pupose, we could choose, for example,
the set of GFCs [3-5]

’(/}6 = Cl = X2 ~ O7 (12&)
1/17:C2:H/%0, (12b)
Yy =(3=A1 =0, (12¢)
g = (4 = Ag =0, (12d)
o =CG=b=0 (12e)

Corresponding to this choice of GFCs, the total set of
constraints for the theory under which the quantization
of the theory could be studied becomes

1 =11, = 0, (13a)
Yo =70~ 0, (13b)
Y = (11 - X') =0, (13c)
Yy = [IT* + (E* + T?)(X")?] = 0, (13d)
Y5 = B~ 0, (13e)
P =1 =X? =0, (13f)
Y7 = (= 1"~ 0, (13g

Yy =(3=A1 =0,
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Y9 =G = Ao~ 0, (131)
10 =C =b=0. (13j)

We now calculate the matrix Mag(:= {¢a,¥g}p) of the
Poisson brackets of the constraints ;. The non-vanishing
elements of the matrix M,g are obtained thus:

Mo = —My1 =[-1]6 (6 — o), (14a)
Mg = —Mygy = [-1] § (0 — 0'), (14b)
M3zg = —Mgz = [-2X'] 6 (0 — '), (14c¢)
Ms; = —My73 = [-11] §" (0 —0o'), (144)
Myg = —Mgy = [—4II] § (0 —0'), (14e)
Myz = —Mqy = [-2X'(E* +T?)] 6" (0 —0o'),  (14f)
Myg = —Mgy = [-2E(X')*] 6 (0 - o), (14g)
Mss = —Mgs = [~1] 6 (0 — '), (14h)
Mer = =Mz = [-2X'] §' (0 — o) (14i)

The matrix M,g is seen to be non-singular, implying that
the corresponding set of constraints v; is a set of second-
class constraints [3-5]. The determinant of the matrix
Mg is given by
as)l]?, = [4M3" (o

[|| det (M, a')o' (o0 —o')d* (o —

M = [IT* — (E* + T?)(X")?].

The non-vanishing elements of the inverse of the matrix

M, (i-e., the elements of the matrix (M ~1),5) are
(M~ 110 =—=(M 1)1 =10 (0 -0, (16a)
(M~ Y29 = —(M™1)g2 =08 (0 — o), (16b)

(M™1)ss = (B2 + T*)(X')2 11/ (M?)]]o — 0|

x 0'(oc —0')d (0 — o), (16¢)
(M~ ")3s = +(M ™ ")us

= [-(II? + (B* + T%)(X')*) X"/ (4M?)]

X |o—ad'|6'(c —a0") & (o —0'), (16d)
(M™1)35 = +(M )53

= (117 + (B* + T*)(X")) B(X')? X"/ (2M?)]

x lo—d'|6' (0 —0')d (0 — '), (16e)
(M™Y)z6 = —(M )3

=[-(EB*+T*X'/(2M)] 6 (c —0’),  (16f)
(M™Y)a7 = —(M ™)z

(—11/(2M)]|o — o'l (16g)

(M™"aq = [II(X")?/(4M?)]]o — o]

x 0'(oc—0')d (0 —0o'), (16h)
(M™1)s = +(M™")s54

= [-IIE(X")*(X')?/(2M?)]

X o —a'|6' (0 —o")6 (0 — '), (161)
(M™1)g6 = —~(M"Y)ea

= [II/(4M)]5 (o — o), (16j)

(M~ Yaz = =(M™Y)za = [-(X")/(4M)]|o — o'], (16k)

74 = [~
(M~ 1)s5 = [ITE*(X')?)(X")*(X')?/(M?)]|o — o
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x §'(c —0d')d (o — '), (161)
(M~ 1)s56 = —(M s
= [-IE(X")?/(2M)] § (o0 — o), (16m)
(M~ )s7 = =(M )75
= [E(X")*(X)/(@M)]jo — '], (16m)
(M~ Y)sg = —(M~V)gs
=4 (0 —0o'), (160)
with the step functions e(c — ¢’) defined by
o )L (c—0')>0,
o~ ') {_17 ooy e 7

and
/M(or7 oYM~ (0", 0")do" = 119x106(c — 0').  (18)

Now following the standard Dirac quantization procedure
in the Hamiltonian formulation [4], the non-vanishing
equal WS time (EWST) Dirac brackets (DBs) (denoted
by {, }p) of the theory described by the action S; un-
der the GFCs (; are obtained (with the arguments of the
variables being suppressed) as [3-5]

{XM7 XV}D

= [1/(@M)] (B + T?)(X')2 (I X" X))

~ X'X'™"I, — X'IT" X,

+2IT(X")A M, — I2(X)(X/MIT, + mx;)] o — o]

+[1/(2M)] [2X’H“Xl,

~ (XX, + X”X{,)] e(o — o), (19a)
(", I,y
= [[1/M?] [(E2 + T + (E* + T)(X')?*)(X")

x (II"X!, + X" II,)

~ (B + T?)(X)2 ("1, + 2X’“X{,)} 5(c — o)

+ [1/M] [H(E2 +T?)

% (X'MX, + X1X! — [I'X, — X“HV)} (o — o)

+ 1/ (2M)] {H(U”H{/ + ML)

— II(E? + T?) (X" IT), + H’MXL)] e(o — o), (19b)
{X* I, }p = [-0"]6(0 — o), (19¢)
[A1, Ao = [2/ME B2 (X2 (XX 2T o — o,

(19d)

{A, X"}p
= [[1/(2M?)] 2B (X")*(X")* IT"

— [T 4+ (B2 + T)(X)?)(X) X e(o — o)
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— [1/@M)|[EX"* (X)X )e(o — o). (19¢)
It is important to recall here that the constraints of the
theory represent only the weak equalities in the sense of
Dirac [4], as explained in the foregoing, implying that they
are strongly zero only on the reduced hypersurface of the
constraints and not in the rest of the phase space of the
(classical) theory (with a similar weak operator equality
holding for the corresponding quantum theory) and as a
consequence of this the DBs involving the gauge fields like
Ay (or Byg) can indeed be non-vanishing in principle (as
is evident in the present case from the above results) which
would, however, become strongly zero on the reduced hy-
persurface of the constraints of the theory described by
the action in any case.

Further, in the canonical quantization of the theory,
while going from equal WS time (EWST) Dirac brackets
of the theory to the corresponding EWST commutation
relations, one would encounter here the problem of opera-
tor ordering [6] because the product of canonical variables
of the theory are involved in the classical description of the
theory (like in the expressions for the constraints of the
theory) as well as in the calculation of the Dirac brackets.
These variables are envisaged as non-commuting opera-
tors in the quantized theory leading to the problem of
so-called operator ordering [6]. This problem could, how-
ever, be resolved [6] by demanding that all the string fields
and momenta of the theory are Hermitian operators and
that all the canonical commutation relations be consistent
with the hermiticity of these operators [6].

In the path integral formulation, the transition to quan-
tum theory is made by writing the vacuum to vacuum
transition amplitude for the theory called the generating
functional Z;[J;] of the theory under GFCs (; in the pres-
ence of the external sources J; (following the Senjanovic
procedure [2,3] for a theory possessing a set of second-
class constraints, appropriate for our theory described by
the action S; considered under the GFCs ¢; (12) [2,3]) as
follows:

Z1[Ji]

= / [dp] exp

+ E(0- A1) + I1,(0; )
+ pu1 (87-“1) + pug (87-“2) + pug (8‘1’“3)

i / d*o[J; 9" + I1"(9-X,,) + 7°(0, Ao)

+ Puy (Orua) — H?]} ) (20)
where the phase-space variables of the theory are &' =
(XH A, A1,b,u1,u9,ug,uq) with the corresponding
respective canonical conjugate momenta: I1; = (I1,,, 0, E,
Iy, Duy s Puss Dus» Puy )- The functional measure [du] of the
generating functional Z;[J;] under the GFCs (; is obtained
using (11), (13), (15) and (20):

[dp) = [4AM6" (0 — 6")8' (o — 0")6% (0 — 0')]
x [dXH][dAg][dA;][[db][duy][dus][dus][du]
% [AI1,)[dn°][dE][d1T,] [dpu, | [dPu, ] [dpus] [dpu,]
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(21)

The Hamiltonian and path integral quantization of the
theory described by the action S; under the GFCs (; is
now complete. In the next section we study this theory in
the presence of a scalar dilation field.

3 The action in the presence
of a scalar dilation field

The (bosonic) DBING action describing the propagation
of a Dl-brane (D-string) in a d-dimensional flat back-
ground in the presence of a scalar dilation field ¢ is defined
by [1,2]

S2 = £2d20', (22&)
£2 = [e_ﬁaﬁl] (22b)
= [-TLe™?]. (22c¢)
The canonical momenta obtained from Lo are
Lo
woa_
= 0. X (23a)
= [~Te #/L][(X - X)X — (X')*X"],
oL
0._ 2 _
T o= 90, Ay) , (23b)
oL
= 1) .— 2 [Te ¥ _
B=w) = 5y = T /EE =), (230
0Ly
I, := 8(0.0) =0, (23d)
0Ly
= 50.0) =0. (23e)

Here 7 is the momentum canonically conjugate to the di-
lation field ¢. The theory described by Ss is thus seen to
possess five primary constraints:

X1 =m0, (24a)
X2 = 1, = 0, (24b)
xs =7’ =0, (24c)
xa=(IT-X")=~0, (24d)
X5 = [IT* + (E? + T?e2¢)(X')?] ~ 0. (24e)

The canonical Hamiltonian density corresponding to Lo
is

Hs = [19(0,X,) + 7°(0, A0) + E(0,41)

+ Hb(é)Tb) + F(a-,—go) — Lo
— [B(4), 1 b)).

(25a)
(25b)
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After incorporating the primary constraints of the the-
ory in the canonical Hamiltonian density of the theory
HS with the help of Lagrange multiplier fields v (7, 0),
va(7,0),v3(7,0),v4(7,0) and vs(7,0), which we treat as
dynamical, the total Hamiltonian density of the theory
could be written

LA

= [H5 +vixa +vax2 + vsXs + vaxa + Usxs]  (26a)

= [E(A) +b) + 17 + vo 1T}, + v3m? + vy (IT - X')

+ ws[IT? + (E? 4+ T%e729)(X")?]]. (26b)
We denote the momenta conjugate to vy, vs,v3,v4 and

Vs DY Do, s Pugs Dugs Pu, and py,, respectively. The Hamilton
equation of motion obtained from the total Hamiltonian:

H} = / Hj do, (27)
e.g. for the closed strings with periodic BCs, are
T
+0; X* = OH, = [vg X" + 2IT"vs5)], (28a)
oll,
OHYT
—O0 T = —2 = —0,[vg T + 2X"M(E? + T%e 2% )u;],
0X,,
(28b)
L, _oHT
+0;Ag = 9.0 U (28¢)
OHYT
0,1 = =2 =[-F 28d
aH;F / N2
+0; A = 9B = [Aj + b+ 2E(X")*vs], (28e)
OHY
~0,FE=—2 =0, 28f
oA, (281)
OHT
+0.b = om, V2, (28g)
OHT
0. I, = =F, 28h
.1, = (281)
OHF .
+0rp = 871'2 =01, (281)
HT
o, = 22 Loreeze(xryyg), (29)
Oy
OHY
+0,01 = —2 =0, 28k
' Do, (28k)
OH]
—UrPvy, = 7 =T, 281
Py = 5= =T (281)
OHYT
+0,v9 = —2 =0, 28m
2= T, (28m)
OHT
—0TDy, = sz = IIy, (28n)
O]
U3 = =0, 2
+8 V3 6pv3 0 ( 80)
HT
_arpvg = 0 2 = 71-07 (2813)

8’03
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OHT
vy = -0, 2
+0,v4 oo 0 (28q)
OHT
- vy — = [II - X/ 3 2
OrPo, o, [ ] (28r)
OHY
+0,v5 = —2= =0, 28s
5= Do, (28s)
T
—0rPos = %H? = [IT? + (B> + T%e72%)(X")?].  (28t)
U5

These are the equations of motion of the theory that pre-
serve the constraints of the theory in the course of time.
Demanding that the primary constraint ys be preserved
in the course of time one obtains a secondary constraint
(with the Poisson bracket (PB) being denoted by { , }p):

X6 = {x2, M3 }p = [-E] = 0. (29)
The presentation of y3 for all times gives rise to another
secondary constraint:

X7 ={xs, Hz }p = (E') = 0.

The preservation of xg and x7 for all times does not give
rise to any further constraints and similarly the preser-
vation of x1,xs4 and x5 for all times does not yield any
further constraints.

Further the constraint x¢ also implies the constraint y7
and therefore it is enough to consider only one constraint,
namely,

(30)

Yo =E=~0 (31)

in the rest of our work (instead of the two constraints
X6 and x7). In view of this, from now onwards we will
consider only one secondary constraint, namely g (and
not X¢ and x7) in our work. The theory is thus seen to
possess only six constraints: x1, X2, X3, X4, X5 and xg. Also
the first-order Lagrangian density of the theory is

L0 = 11", X,,) + 7°(0; Ag)
+ E(9-Ay) + ITy(9:) + 7(0r¢)
+ Puy (0701) + Pu, (07v2) + Pug (Orv3) + Pu, (0-v4)
+ Pug (Orvs) — Hy (32a)
= [IT? + (F? — T%e2?)(X")*]vs. (32b)

The matrix of the Poisson brackets of the constraints y; is
seen to be a singular matrix, implying that the set of con-
straints x; is first-class [3-5] and that the theory described
by Ss is a gauge-invariant (GI) theory. It is rather well
known that the theory described by S; indeed possesses
three local gauge symmetries given by the two-dimensional
WS reparametrization invariance (WSRI) and the Weyl
invariance (WI) [1,2].

To study the Hamiltonian and path integral formula-
tions of this GI theory under GFCs, we convert the set of
first-class constraints of the theory x; into a set of second-
class constraints, by imposing, arbitrarily, some additional
constraints on the system called the GFCs or the gauge
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constraints. For this purpose, we could choose, for exam-
ple, the set of GFCs [3-5]

x7=p1=X*=~0, (33a)
xg = p2 = 1" =0, (33b)
Xo = p3 = A1 =0, (33¢)
X10 = ps = Ag = 0, (33d)
X11 = ps = b= 0, (33e)
X12 = ps = ¢ ~ 0. (331)

Corresponding to this choice of GFCs, the total set of
constraints of the theory under which the quantization of
the theory could be studied becomes

x1 =7~ 0, (34a)
x2 = II, ~ 0, (34b)
x3 =71 =0, (34c)
xa=(IT-X")=~0, (34d)
x5 = [IT* + (E* + T?e 2¢(X")?] = 0, (34e)
xe6 = F =~ 0, (34f)
X7 =p1 =X =0, (34g)
xs = p2 =1II' =0, (34h)
Xo = p3 = A1 =0, (34i)
X10 = ps = Ag ~ 0, (34j))
X1 =ps =b~0, (34k)
X12 = pe = p ~ (341)

We now calculate the matrix Rog(:= {Xa»Xs}p) of the
Poisson brackets of the constraints y;. The non-vanishing
elements of the matrix R, are obtained thus:

R15 = —R51 = [2T2 _290( )2] (0’ — 0'/)7 (35&)
R1’12 = —R12’1 = [— ] (U — 0/), (35b)
Ro11=—Ri12=1[-1] 6(c — '), (35¢)
R310 = —Rios = [-1] 6(c — o), (35d)

Ryr = —Rpy = [-2X'] 6(0 — o), (35¢)

Rys = —Rgq = [-1I1 8" (0 — 0'), (35f)

Rs7 = —Rys = [—4I0) 6(0 — o), (35g)

Rss = —Rgs = [-2(X)(E?* + T?2?] §" (0 — o),

(35h)

Rsg = —Rgs = [-2E(X")?] 6(0 — o), (35i)

Reg = —Rg = [—1] §(c — 0'), (35))

)

Rrs = +Rsy = [-2X] 6 (0 — o). (35k
The matrix R, is seen to be non-singular, implying that
the corresponding set of constraints x; is a set of second-
class constraints [5]. The determinant of the matrix R,z
is given by

(Il det(Rap)[]? = [4R8" (0 = o') 6°(c — o)), (36a)

R=[IT* — (E? + T?e"%*)(X")?]. (36b)

The non-vanishing elements of the inverse of the matrix
Rap (i-e., the elements of the matrix (R71),3) are

(Ril)l,m = —(R71)1271 =9 (O' — O'/)7 (37&)
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(R 201 = (B 112 =0 (0 = o'), (37b) = [~ (X)(X)*(T%e72%)/(2R)]|o — o'l
(R Y310 = —(R iz =16 (0 —0), (370 ith
(R™1aa = [2I1(X')*(E® + T%e %)/ (2R?)]
X |o—d'| (o —0c")d (6 —0'), (374d) /R(a, o YR (0",0")do"” = 119x12 6(0 — ). (38)

(R Y)as = +(R™)sa
= [—(X)(IT? + (E? + T?c%%)(X")? /(4R?)] Now, following the standard Dirac quantization proce-

o — 0| 8 (0 — 0)8 (0 — o) (37¢) dure in the Hamiltonian formulation [4], the non-vanishing
o o EWST Dirac brackets (denoted by { , }p) of the the-
(R )ae = +(R™ ea ory in the presence of a scalar dilation field described by
_ E(X')(X’)2 the action So under the GFCs p; are obtained (with the
arguments of the field variables being suppressed) (with
x (IT? + (E? + T26_2“°)(X')2/(2R2)] t:=Te %) [3-5]:
X |o—o'| (o — '), (37)  {X", X,}p
(R N4z = —(R N (37g) = [1/(2M?)]
= [(X') (B + T%%%)/(2R)}8 (0 — o), x [(B2 4+ ) (X2 (ITX™"X!) — X' X'MT, — X' 11" X,
(R 1)as = —(R™)sa , )
= [-1I/(2R)]|o — &', (37h)  + 2N(X)TIMIL, — I (X )(X™MIT, + 1M X)) | |o — o
(R 112 = +(B D124 + [1/(2M))]
I (X/)(X/)Q(TZefmp) X [QX/HHXV —H(X/MXV'FXMXL)]E(U—U/), (39&)
{Hﬂa HV}D

X (I + (B? + T2%2¢) (X')2)/(2R2)]
X |o—d'l (o —0")d (0 —0d), (371)
(R™)ss = (X)) (4R)]|o — o'|

= [1/M?] [(E2 + %)
x [ + (E* + £2)(X)*)(X")(IT" X, + X""11,,)

x 8 (o — )6 (o — o), @37 H(E? + ) (X2 (111, + 2X"" X)) |6(0 — o)
(R™)s6 = +(BVes + [/MI[I(E? + ) (XX, + XX,
= [-HE(X")*(X')?/(2R%)] |0 o' | / ,
x 8 (0 —0')d (0 — ), (37Kk) _HHXV—XHHV)}5(0_0>
(R )57 = =(R™ ")z + [1/(2M)] [H(H“U; +II'MIT,)
= [-II/(4R)] § (o — o), (371) .. ,
(B V)ss = —(R Vs ~I(E? + )X, + n’#x;)}e(a — o), (39D)
= [(X")/(4R)]|o — o', (8Tm)  {X* II,}p = [-6L]6(c — o), (39¢)
(R M)s512 = +(R™ M125 {A1, A }p = [2/M?][E2(X')(X)3(X')2H]|o — o],
= [II(X")*(X")*(T?e%%)/(2R?)] (39d)
X |lo—0d'| §(c—0a") 6§ (6 —0), (3m) {41, X"}p
(R Moo = [2I1E*(X')*(X')*(X')*/(2R%)] = [1/(2M?)] |2EIT (X")2(X')2 11"
X |lo—0d'| §(c—0a") 6§ (o —0), (370) . ,
(R Mgr = —(R V)76 = [II* + (B + *)(X)) (X)X e(0 — o)
= [LE(X')*/(2R)] § (0 — o), (B7)  _[1/@M)[EX (X)X e(o — o), (39)
(R Mes = —(R™")se (A1, T
= [-B(X")(X")?/(2R)]|lo — o, (37q) 22, g2
(Ril)ﬁg — _(R71)96 — (5 (0, _ 0,/)’ (371‘) - [1/(M )](E +t )
(R Y612 = +(R 126 X [II? + (E* + £*)(X')*)(X")(X") IT*
[ 2HE( ) (X/)2(X/>2(T2e—2ga)/(2R2)] _ 2H(E2 +t2)2(X/)2(X/)X/;45(0. _ O’l)
§ X |o —ifl| §'(oc—0')d (o —0'), (37s) 4+ [1/M][(E* + ) II(X") X6 (0 — a')} (39f)
W ne = AR s BT ean)((E® + @) (X)X — o',
= [II(X")*(T?*¢%%)/(2R)] 6 (0 — o), (X" m}p
(R Nsg12 = —(R M12s (370)

= |[1/@M)][21T + (X"))[(#*(X")? X ]e(o — o)
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— [/ @M [P (X") (X)X |o - a’\], (39g)
{7, T"}p = |[1/2M)|[IT" X' IT*t*(X")*]e(0 — o)
+ [1/(2M)][(1 = X)X (IT")t* (X))o — o’l}, (39h)
{m, Ai}p = [1I/M)[(X")?(X")*(X)*¢* o — o'|.  (39])

As explained in the previous section, the non-vanishing
DBs involving the gauge field A;, in the above results,
would become strongly zero on the reduced hypersurface
of the constraints of the theory described by the action
S [1,2]. The problem of operator ordering occurring here
while making a transition from the EWST Dirac brackets
to the corresponding EWST commutation relations can
be resolved here as explained in Sect.3, by demanding
that all the string fields and momenta of the theory are
Hermitian operators and that all the canonical commuta-
tion relations be consistent with the hermiticity of these
operators [6].

In the path integral formulation, the transition to
quantum theory is made again by writing the vacuum
to vacuum transition amplitude for the theory, called the
generating functional Zs[.J;] of the theory, following again
the Senjanovic procedure for a theory possessing a set of
second-class constraints [2, 3], appropriate for our theory
described by the action S considered under the GFCs p;,
in the presence of the external sources J; as follows [2,3]:

Zal3]) = [ ldu]ex

+ WO(aTAQ) + E(@TAl) + Hb(aTb)
+ m(0rp) + Puy (0701) + Pu, (Orv2) + Pug (Orv3)

i / d%[mi + 1170, X,,)

+ Doy (87'1]4) + Dus (87"05) - H2Tj|‘| ) (40)

where the phase-space variables of the theory are & =
(X*, Ag, A1, b, o, v1,v9,v3,04,v5) with the corresponding
respective canonical conjugate momenta: I1; = (II,,, 0 B,
Iy, T, Doy s Pugs Pugs Pugs Pus ). The functional measure [dy]
of the generating functional Z5[J;] under the GFCs p; is
obtained using (30), (32), (34) and (39):

[dp] = [AMS" (o — 0')d' (0 — 0")6° (0 — 0')]
[dX*][dAo][dA1][[db][de]
[dvq][dvs][dvs][dvy][dvs]
[d11,,][dn°][d E][d11y)] [dn]

[dpo, ] [dpo,] [dpu,] [dpo,] [dpos]

|- 0[(11) = 0]

X X X X X X X X X X

(41)
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The Hamiltonian and path integral quantization of the
theory described by the action Sy under the GFCs p; is
now complete.

4 Summary and discussion

In this work we have studied the Hamiltonian and path
integral quantization of the DBING action describing the
D1-brane action with and without a scalar dilaton field ¢
under appropriate GFCs in the absence of BCs, using the
instant form of dynamics on the hyperplanes of the WS de-
fined by the hyperplanes WS-time = ¢ = 7 = constant.
The problem of operator ordering occurring here while
making a transition from EWST Dirac brackets to the
corresponding EWST commutation relations can be re-
solved here as explained in Sect. 3, by demanding that all
the string fields and momenta of the theory are Hermitian
operators and that all the canonical commutation rela-
tions be consistent with the hermiticity of these operators
[6]. Tt is important to mention here that in our work we
have not imposed any boundary conditions for the open
and closed strings separately. There are two ways to take
these BCs into account.

(a) One way is to impose them directly in the usual way
for the open and closed strings separately in an ap-
propriate manner [1,2];

(b) an alternative second way [7] is to treat these BCs as
the Dirac primary constraints [7] and study the theory
accordingly [7].

At present our related work is underway and will be
reported later.
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